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Abstract
We discuss the Penrose limit of pure AdS space, which is flat Minkowski space. Even though
there is no holographic principle, we construct a “holographic screen” on which information on
the corresponding CFT is encoded. The screen is obtained as a gauge-fixing condition upon
restricting the Hilbert space to the states that are annihilated by the generator of scale trans-
formations. This constraint leads to Dirac brackets which turn the Poincare´ algebra into the
algebra of the conformal group on the “holographic screen.”
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1
The plane-wave limit of spacetime suggested by Penrose [1] a while ago and its supersymmet-
ric generalization [2] has recently attracted a lot of attention in conjunction with the AdS/CFT
correspondence [3–22]. This limit leads to a more direct understanding of the AdS/CFT corre-
spondence because the background is simple enough for the sigma model (string theory) to be
exactly solvable [3–15]. Other exactly solvable models studied earlier can be shown to be special
cases of the Penrose limit [23–27].
On the other hand, the issue of holography is blurred in this limit, because the background
is a plane wave or even flat Minkowski space on which no holographic principle exists. This
is in contrast to the well-understood holography in the original AdS space3 whose limit we are
taking. Since the AdS/CFT correspondence seems to have survived the limit, one is tempted
to conjecture the existence of a holographic screen on which the CFT resides. A number of
proposals have been put forth [29–31], but the issue remains open [32].
In this short note, we consider the simplest case of AdSd+1 space whose Penrose limit is flat
Minkowski spaceMd+1. This may be viewed as a special case of the Penrose limit of AdSd+1×Sq
in which we boost along a geodesic with vanishing spin in the sphere Sq. One may define string
theory on this Minkowski space and study the CFT correspondence in a standard fashion. Since
no holographic principle applies to Minkowski space, it is evident that an additional condition is
needed for some kind of holography to emerge. We introduce such a condition by restricting the
Hilbert space to the states that are scale invariant. This is a constraint leading to the treatment
of scale transformations as gauge transformations. In the resulting theory, one needs to fix the
gauge. This can be done by restricting to a d-dimensional hypersurface of the Minkowski space
Md+1. This hypersurface is arbitrary as long as it cuts all gauge orbits exactly once and all such
choices are gauge equivalent. We consider explicitly a hyperboloid (dSd space
4) and show that
the Poincare´ algebra of Minkowski space turns into a SO(d, 2) algebra once the Poisson brackets
are replaced by Dirac brackets. In the flat-space limit of the hyperboloid, the SO(d, 2) group
turns into the conformal group of the resulting d-dimensional Minkowski spaceMd. This is then
the “holographic screen” on which information on the corresponding CFT resides.
We start by reviewing the salient features of AdS space and the CFT correspondence. A
3For a review, see [28].
4Supersymmetry is broken on dSd, but it gets restored in the flat space limit.
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(d+1)-dimensional AdS space (AdSd+1) is defined within a flat (d+2)-dimensional space as the
hypersurface
X20 −X21 − . . .−X2d +X2d+1 = R2 (1)
There are different choices of coordinate systems on the AdS hypersurface, all of which should
lead to the same physical results. However, one needs to be careful, especially when taking the
Penrose limit. The most convenient choice are the Poincare´ coordinates which, however, only
cover half of AdS. The AdSd+1 metric in Poincare´ coordinates is
ds2 = R2
dr2
r2
+
r2
R2
(−dt2 + d~x2) (2)
where ~x ∈ Rd−1. It is also useful to introduce the invariant distance between points XA and X ′A
(A = 0, 1, . . . , d+ 1) on the AdS hypersurface,
P (X,X ′) =
1
R2
(X ′ −X)2 = (r − r
′)2
rr′
+
rr′
R4
(
− (t− t′)2 + (~x− ~x′)2
)
(3)
In what follows, we shall use bold capitals as indices that take on d + 2 values (0, 1, . . . , d+ 1),
plain capitals will run M,N, . . . = 0, 1, . . . , d and Greek indices will span a d-dimensional space
(µ, ν, . . . = 0, 1, . . . , d− 1). The group of isometries is SO(d, 2) whose generators we shall denote
by JAB. The quadratic Casimir is
C2 =
1
2
JABJAB (4)
For definiteness, we shall concentrate on scalar fields. The treatment of fields of higher spin is
similar. The scalar wave equation is
1
rd−1
∂
∂r
(
rd+1
∂Ψ
∂r
)
− ∂2t Ψ+ ~∇2Ψ = m2R2Ψ (5)
The inner product in the space of solutions is given by
(Ψ1,Ψ2) = iπR
4
∫
Σ
dd−1x dr rd−3(Ψ⋆1∂tΨ2 − ∂tΨ⋆1Ψ2) (6)
where Σ is the spacelike slice t = const.. Assuming the wavefunction is a plane wave in the space
spanned by xµ = (t, ~x),
Ψk(r, x
µ) = eikµx
µ
Φq(r) (7)
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where q2 = −kµkµ, we obtain the solution to the wave equation in terms of Bessel functions
Φ±q (r) = r
−d/2 J±ν(qR
2/r) , ν = 1
2
√
d2 + 4m2R2 (8)
The inner product of two wavefunctions is
(Ψ±k ,Ψ
±
k′) = (2π)
dδd−1(~k − ~k′) k0 + k
′
0
2
R4
∫ ∞
0
dr rd−3 Φ±⋆q (r)Φ
±
q′(r) (9)
where ~k = (k1, . . . , kd−1) and similarly for ~k′. At the boundary (r → ∞), the two solutions
behave as
Φ±q ∼ r−h± , h± =
d
2
± ν (10)
For m2 > 0, the solution Φ−q is not normalizable, so it is discarded. The normalizable modes
form an orthonormal set with respect to the inner product (6),
(Ψ+k ,Ψ
+
k′) = (2π)
d δd(k − k′) (11)
where we used the orthogonality property of Bessel functions,
∫ ∞
0
dr
r3
Jν(qR
2/r) Jν(q
′R2/r) =
1
qR4
δ(q − q′) (12)
Next, we introduce the propagator
G(r, xµ; r′, x′µ) =
∫
ddk
(2π)d
Ψ+⋆k (r, x
µ)Ψ+k (r
′, x′µ) (13)
which obeys the wave equation (5). 5 After some algebra involving Bessel and Hypergeometric
function identities, we arrive at
G(z, xµ; z′, x′µ) =
Γ(h+)
2πd/2Γ(ν + 1)
P−h+ F (h+, ν + 12 ; 2ν + 1;−4/P ) (14)
where the invariant distance P is given by (3). The singularity is obtained by letting P → 0,
G(z, xµ; z′, x′µ) ∼ Γ((d− 1)/2)
4π(d+1)/2
P−(d−1)/2ǫ (15)
5We replaced the integration variable q with k0 in order to arrive at a more convenient expression for the
measure in (13).
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where Pǫ includes the iǫ prescription x
0− x′0 → x0− x′0− iǫ. The bulk-to-boundary propagator
is obtained by letting one of the arguments approach the boundary. In the limit r′ → 0, we have
G(r, xµ; r′, x′µ) ∼ P−h+, so
G(r, xµ; r′x′µ)→ 1
2ν
r′−h+ K(r, xµ; x′µ) (16)
where
K(r, xµ; x′µ) = π−d/2
Γ(h+)
Γ(ν)
rh+
(
1 +
r2
R4
(x− x′)µ(x− x′)µ
)−h+
(17)
In the limit r →∞, this leads to a propagator of the form
∆(x) ∼ (xµxµ)−h+ (18)
which is the two-point function (up to a constant) of the corresponding conformal field theory.
Next, we wish to study the Penrose limit of the theory. To this end, we shall boost along a
null geodesic. All choices are equivalent the most convenient being the radial direction. A radial
null geodesic is given by (ds2 = 0)
R2
r˙2
r2
− r
2
R2
t˙2 = 0 (19)
where we differentiate with respect to the affine parameter τ . Conservation of energy (indepen-
dence of the metric on t) implies
r2
R2
t˙ = E (20)
where E is a constant of the motion. By rescaling τ , we may set E = 1. Then the equation for
the geodesic (19) becomes
r˙2 = 1 (21)
so r = −τ may be chosen as the affine parameter. Along the geodesic, we may choose
t =
R2
r
(22)
which is the solution of eq. (20). Next we shift the coordinate t by its value on the geodesic,
t =
R2
r
− t˜ (23)
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In terms of the new coordinate t˜, the AdS metric (2) reads
ds2 = −2drdt˜− r
2
R2
dt˜2 +
r2
R2
d~x2 (24)
In the Penrose limit, this becomes
ds2P = −2drdt˜+
r2
R2
d~x2 (25)
This is flat Minkowski space. To see this, change variables to
~y =
r
R
~x , v = t˜+
r
2R2
~x2 (26)
The metric becomes
ds2P = −2drdv + d~y2 (27)
which may be brought into the standard form
ds2P = dY
MdYM = −(dY 0)2 + dY idY i (28)
where Y i = yi (i = 1, . . . , d− 1), Y 0 = 1√
2
(r + v) and Y d = 1√
2
(r − v). It is easily seen that the
invariant distance (3) turns into the Minkowski space distance in the Penrose limit,
P (X,X ′)→ 1
R2
(Y − Y ′)M(Y − Y ′)M (29)
Since R→∞ in this limit, the only contribution to the Green function (14) that survives is the
small distance singularity (15),
G(P ) ∼ P−(d−1)/2 (30)
Consequently, the boundary scaling behavior (17), which is obtained from the large P limit, is
not present in the Minkowski space [33]. The group of isometries SO(d, 2) is mapped onto the
Poincare´ group,
MMN = JMN , PM =
JM(d+1)
R
(M,N = 0, 1, . . . , d) (31)
Indeed, it is readily deduced from the SO(d, 2) algebra,
[MMN , MPQ] = −iηMPMNQ + . . .
[MMN , PP ] = −i(ηMPPN − ηNPPM)
[PM , PN ] = 0 (32)
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as R→∞. The quadratic Casimir (4) becomes
C2 → R2PMPM = −m2R2 (33)
Therefore, its value does not change. Since the parameter m2R2 is still present in the Penrose
limit, one might wonder whether the scaling dimensions h± (10), which are solely functions of
m2R2, have survived. At first glance, it appears that no conclusion on scaling dimensions may be
drawn from the Casimir C2, for its value comes from the abelian part of the Poincare´ algebra (32).
On the other hand, one may define and solve a sigma model (string theory) on the flat Minkowski
space and recover the scaling dimensions from CFT correlators. Thus, even though holography
is absent on Minkowski space, information on the CFT on the boundary of AdS space has not
been lost. It is natural to look for a “holographic screen” on which this information may reside.
To this end, let us concentrate on the operators which are scale invariant. Correspondingly,
we restrict attention to the subspace of states which are annihilated by the generator of scale
transformations,
∆|Ψ〉 = 0 , ∆ = Y MPM (34)
Once this is imposed as a second-class constraint, scale transformations become gauge transfor-
mations. Then we must fix the gauge in the resulting theory. This is accomplished by restricting
our space to a d-dimensional hypersurface. A convenient choice (gauge-fixing condition) is
Y MYM = R
2 (35)
which is d-dimensional de Sitter space (dSd). The Poisson brackets then turn into Dirac brackets,
{A , B}D = {A , B}P − 1
2R2
(
{A , χ1}P{χ2 , B}P − {A , χ2}P{χ1 , B}P
)
(36)
where χ1 = ∆, χ2 = Y
MYM , and we used {χ1 , χ2}P = 2R2.
The Poincare´ algebra (32) is modified as follows. The Lorentz group generators MMN com-
mute with the constraints, so their algebra does not change. By the same token, nor do the
commutators of a Lorentz group generator and a momentum PM . The Dirac bracket of two
momentum components is
{PM , PN}D = MMN
R2
(37)
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Therefore, their abelian algebra is modified,
[PM , PN ] = −i MMN
R2
(38)
This shows that RPM can be identified with the SO(d, 2) generator JM(d+1) and the modified
algebra is SO(d, 2). In the flat space limit (R→∞, around, e.g., the Y d axis), the dSd space be-
comes d-dimensional Minkowski space. To see what becomes of the SO(d, 2) algebra in this limit,
let us parametrize the dS hypersurface using global coordinates (τ, ~y), where ~y = (y1, . . . , yd−1),
as
Y 0 = R sinh τ , Y i = R cosh τ yi , Y
d = R cosh τ
√
1− ~y 2 (39)
The dS metric reads
ds2dS = −R2dτ 2 +R2 cosh2 τ
(
d~y 2 +
(~y · d~y)2
1− ~y 2
)
(40)
The SO(d, 2) generators may also be expressed in terms of the dS coordinates. A short calculation
yields
RP0 = cosh τ pτ , RPi = − sinh τ yipτ + (δij − yiyj)
cosh τ
pj
RPd = −
√
1− ~y 2
(
sinh τ pτ − yj
cosh τ
pj
)
(41)
M0i = −yi (pτ − tanh τyjpj)− tanh τpi , Mij = yipj − yjpi
M0d = −
√
1− ~y 2 (pτ + tanh τyj pj) , Mid = −
√
1− ~y 2 pi (42)
where i, j = 1, . . . , d− 1 and we have defined the conjugate momenta
pτ = i
∂
∂τ
, pi = −i ∂
∂yi
(43)
By scaling
τ → τ/R , yi → yi/R (44)
in the limit R→∞, the metric (40) becomes
ds2R→∞ = dyµdy
µ = −(dy0)2 + d~y 2 (45)
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where y0 = τ , showing explicitly that the dS hypersurface has turned into flat d-dimensional
Minkowski space spanned by coordinates yµ = (y0, . . . , yd−1). Ignoring higher-order terms in
each of the SO(d, 2) generators, as R→∞, we obtain
P0 =
(
1 +
τ 2
2R2
)
pτ , Pi = −τyi
R2
pτ +
(
1− τ
2
2R2
)
pi − yiyj
R2
pj
RPd = y
µpµ (46)
Mµν = yµpν − yνpµ
M0d
R
= −
(
1− ~y
2
2R2
)
pτ +
τyj
R2
pj ,
Mid
R
= −
(
1− ~y
2
2R2
)
pi (47)
The SO(d, 2) group is then the conformal group on the d-dimensional Minkowski space in the
R→∞ limit through the identifications
Mµν = Mµν , Kµ = 2R2
(
Pµ +
Mµd
R
)
, Pµ = 12
(
Pµ − Mµd
R
)
, D = RPd (48)
Explicitly,
Mµν = yµpν − yνpµ , Pµ = pµ , D = yµpµ , Kµ = y2pµ − 2yµyνpν (49)
where pµ = i∂/∂y
µ (eq. (43)). A scalar operator of conformal dimension h satisfies
[Mµν , A(y)] = i(yµ∂ν − yν∂µ)A(y)
[Pµ , A(y)] = i∂µA(y)
[D , A(y)] = i(yµ∂µ − h)A(y)
[Kµ , A(y)] = i(y2∂µ − 2yµyν∂ν + 2yµh)A(y) (50)
where ∂µ = ∂/∂y
µ. The quadratic Casimir (4) is
C2 =
1
2
MµνMµν + 12(KµPµ + PµKµ)−D2 = −h(d− h) (51)
Setting it equal to −m2R2, we obtain the conformal weights
h = h± = 12(d±
√
d2 + 4m2R2) (52)
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in agreement with the AdS result (10). Unitarity selects h+ as the only possible weight. The
conformal group also determines all correlators of the primary field A up to constants. In
particular, the two-point function is
〈A(y)A(y′)〉 ∼ ((y − y′)2)−h+ (53)
in agreement with the holographic result (18) from AdS space. Thus, we have recovered a
conformal field theory on the d-dimensional Minkowski space which was obtained as the flat-
space limit of a dSd hypersurface in the original (d + 1)-dimensional Minkowski space. The
restriction on dSd induced the replacement of Poisson brackets by Dirac brackets. Consequently,
the (d + 1)-dimensional Poincare´ algebra turned into a SO(d, 2) algebra which was identified
with the conformal group on the d-dimensional Minkowski space. It should be emphasized that
this “holographic screen” is merely a gauge choice and therefore arbitrary.
It would be interesting to include spin and extend the above results to the Penrose limit of
AdS×S which is a pp-wave. This will be reported elsewhere.
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